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Correlation estimates for sums of three cubes

JÖRG BRÜDERN AND TREVOR D. WOOLEY

Abstract. We establish estimates for linear correlation sums involving sums
of three positive integral cubes. Under appropriate conditions, the underlying
methods permit us to establish the solubility of systems of homogeneous linear
equations in sums of three positive cubes whenever these systems have more than
twice as many variables as equations.
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1. Introduction

We shall be concerned in this memoir with the number ⇢(n) of ways the natural
number n can be written as the sum of three positive integral cubes. Our principal
goal is to provide upper bounds for linear correlation sums involving ⇢(n) and
certain of its relatives. As an application of the underlying methods, we consider
the solubility of systems of homogeneous linear equations in sums of three positive
integral cubes. Provided that the system is in general position, and it has a solution
in positive integers, we are able to show that it is soluble in sums of three positive
cubes whenever the number of variables exceeds twice the number of equations.

Some notation is required before we may introduce the family of higher corre-
lation sums that are central to our focus. Let s and r be natural numbers with s > r ,
and consider an r ⇥ s integral matrix A = (ai j ). We associate with A the collection
of linear forms

3 j (↵) =

rX
i=1

ai j↵i (1 6 j 6 s), (1.1)

and its positive cone

P = {↵ 2 Rr
: ↵i > 0 (1 6 i 6 r) and 3 j (↵) > 0 (1 6 j 6 s)}.
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